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Question 1

The equations below show the reduction of (1) to the form shown in (2) hence
showing that (1) is indeed a conic section.
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The shape of the curve depends on the value of k. When k > 0 or −1 < k < 0,
the curve is an ellipse and when k = −1, the curve is a parabola.

From [1], if the curve is given in the form y = f(x) then, the radius of curva-
ture is given by:
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In our case, we have p = p(r) instead of y = f(x). Hence, by deriving p′(0)
and p′′(0), we would be able to �nd the radius of curvature. Since we know that
r=0, instead of deriving the whole of p′(r) and p′′(r), we can simply �nd the non-
zero terms by deriving part of the terms as shown below.
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Hence, from above, we have veri�ed that the radius of curvature of the curve
in (1) is R at r=0.

Question 2

We �rst split the data given in lensdat1.txt into its variables x, y and p.

code to load data in file into MATLAB

M=load('lensdat1.txt');

x=M(:,1);

y=M(:,2);

p=M(:,3);

Then, in order to �t the coe�cients R, k, d in (1) to the data, we create a function
in MATLAB labelled lensfit as shown below. With the variables x, y and p, we
are able to run the function lensfit and obtain the solution R = 76.1407, k =
−0.2514, d = −0.0006. The function also plots the �tted model over the data
points as a measure of accuracy of the �tted model.

function [X]=lensfit(z,y,p)

%inputs the x-coordinate,y-coordinate and the thickness of the lens, p
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%outputs estimation of the parameters R,k,d as x(1),x(2) and x(3)

rdata=sqrt(z.^2+y.^2);

%r is the square root of the sum of the square of the x-coordinate

%and the square of the y-coordinate

r=rdata;

F=@(x,rdata)(rdata.^2/x(1))./(1+sqrt(1-(x(2)+1)*(rdata.^2/x(1)^2)))+x(3);

x0=[1 1 1];

X=lsqcurvefit(F,x0,r,p);

plot(r,p,'ro') %plots data points

hold on %plots fitted model over data points

plot(r,F(X,r))

hold off

From Fig 1, we are able to see that the �tted model with no additional terms �ts
well with the data. Adding on terms to the MATLAB code above

F=@(x,rdata)(rdata.^2/x(1))./(1+sqrt(1-(x(2)+1)*(rdata.^2/x(1)^2)))+\textbf{(x(3)*rdata.^4)+(x(4)*rdata.^6)};

We �nd that the coe�cient solution curve does not �t as well and the coe�cients
given are 0.

Fig 1

Question 3

In order to �nd out which measurements are inaccurate, we use the following
MATLAB code to plot the data points (Fig 2 below).
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M=load('lensdat2.txt');

x=M(:,1);

y=M(:,2);

p=M(:,3);

r=sqrt(x.^2+y.^2);

plot(r,p,'ro'); title('Lens Data');

Fig 2

From Fig 2, we are able to see that the �le lensdat2.txt contains the data for 2
di�erent lenses as there are two distinct curves plotted in the graph.

The code below separates the data into data for two di�erent lenses, L1 and
L2.

ind=find(M(:,2)); %finds the non-zero values of the y-coordinate

x1=M(1:ind(1)-1,1); %data for lens 1

p1_1=M(1:ind(1)-1,3);

x2=M(ind,1); %data for lens 2

y2=M(ind,2);

p2=M(ind,3);

r2=sqrt(x2.^2+y2.^2);

plot(x1,p1,'ro') %plot data points for lens 1

After splitting the data and plotting the curve as shown in Fig (a) below, we notice
that the p values in the data for L1 are in the wrong order. Hence after correcting
the data, we are able to �t the data to the aspherical formula using the function
lensfit and obtain the solution curve over the corrected data points shown in
Fig(b) and the solution coe�cients R = −450.4180, k = −3.2068, d = 3.9996. The
data for L2 did not need further correction as can be seen from Fig(c) below.
Hence we are able to use lensfit directly and obtain the solution curve (Fig(d))
and the solution coe�cients R = −450.0654, k = −3.7484, d = 3.9996.
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for i=1:length(p1_1) %change order of p values

p1(i,:)=p1_1(22-i);

end

lensfit(x1,0,p1) %fitting data to aspherical formula

lensfit(x2,y2,p2)

(a) L1 Data Points (b) L1 Data Points(Fitted)

(c) L2 Data Points (d) L2 Data Points(Fitted)

Question 4

To �nd the (X,Z) coordinates of the aspherical surface, we need to solve for X(θ)
and Z(θ) whose equations can be found in [2,Sec VIII]. To solve for X(θ) and
Z(θ), we need to �rst �nd L(θ).

To �nd L(θ), we need to solve the �rst-order di�erential equation

dL
dθ

+ A(θ)L(θ) = B(θ)dθ

The ODE has been solved for us in [2,Sec VIII] and the equations required to solve
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for L(θ) are shown below.

n0 = n2 ≈ 1, fB = L0 = 50, n1 = 1.5168[3]
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However, the integrations have not been done for us but we are able to solve
them manually as shown below.
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Using equations (1),(2) and (3) together with the equations shown below [2, Sec
VIII], we would be able to obtain the (X,Z) coordinates of the aspherical surface
and plot it in MATLAB.

σ(θ) = tan− 1[ sin θ√
n2
1−sin2 θ

]

X(θ) = 50 tan θ + L(θ) sinσ(θ)
Z(θ) = 50 + L(θ) cosσ(θ)

After typing the equations into MATLAB, we use the following code to gener-
ate a plot of the aspheric surface (Fig 3).

ezplot(X,Z,[-pi/4,pi/4])

title('Aspheric Surface');

Fig 3: Aspheric Surface Plot

Further, using the MATLAB code:

r=0;

p=0;

for i=1:40

r(i,1)=X(-pi/4+(i*pi/80));

p(i,1)=Z(-pi/4+(i*pi/80));

end

We are able to obtain the lens data and �t it to the aspherical formula using
lensfit. However, we have to remove the line rdata = z2 + y2 from lensfit and
change the function to accepting two inputs (r, p) instead of three inputs (z, y, p)
since r is already found in this case.

After altering lensfit, we �t our data to the aspherical formula using it and obtain
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the solutions R = −42.2457, k = −0.6002, d = 100.0388 and the following solution
curve. Additional terms do not seem to be needed as the curve plotted matches
the data points well.

Fig 3.1:Fitted Model Over Data Points

Question 5

I would use MATLAB to generate the algorithms for �tting data from a �le into
the aspherical lens formula and for calculating the coe�cients, using the function
�le I have created earlier lensfit.m and the equations I have found in Question

4. The user interface would be simple so as to allow easy manoeuvring in the
software. The user interface would consist of a data �le upload where the client
might upload his data �le. The function lensfit would be run once the data �le
has been uploaded and the solution coe�cients and curve would be displayed.
There would also be a table which the client can use to edit his uploaded data or
key in the lens data manually. For plotting the aspheric surface, there would be
an area in home screen for the client to key in the values n1, fB, L0 and also the
range in which the surface is to be plotted. The equations would then be used in
an algorithm and the surface would be generated as a result.
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